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Chapter 1

Circuits containing one
CPE

1.1 Constant Phase Element (CPE), symbol Q

\)
I

Figure 1.1: Most often used symbol for CPE (see also the Appendix A).

1 Cq Sa
Z=—" — ReZ=—" TmZ=—
Q(iw) Que Quwe
ca:cos(%), sa:sin(%)
1 T
7= —— -
| | Qwo‘ ) ¢Z 2

The Q unit (Fem=2s5*~1) depends on a.

/A /
>—
= £
T T
o X e X
0 2 0
0 0
Re Z Re Y

Figure 1.2: Nyquist diagram of the impedance and admittance for the CPE element,
plotted for a = 0.8. The arrows always indicate the increasing frequency direction.
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CHAPTER 1.

CIRCUITS CONTAINING ONE CPE
1.2 Circuit (R+Q)

—L R

Figure 1.3: Circuit (R4Q).

1.2.1 Impedance
Ca Sa
Zw)=R+——5,ReZ=R+ ,ImZ=—
() Q (iw) Q w® Q w™
1.2.2 Reduced impedance
. Z(w) 1 _
7" (w) = 7 _1+T(iw)0‘ , T=RQ
The 7 unit depends on a: u, = s®.
Z*(u) =1+ oy u=wrl/*
i /
*,; Uc=1 05 Uo=1
£1 c= «
[ > /—\
E
0
00 1 2 0
Re Z’

Re Y~

Figure 1.4: Nyquist diagram of the reduced impedance and admittance (Y* = RY)
for the (R4Q) circuit, plotted for a = 0.8.



1.3. CIRCUIT (R/Q)

1.3 Circuit (R/Q)

= o0

—L R =

Figure 1.5: Circuit (R/Q).

1.3.1 Impedance

Zw)=—— . r=R
R (14+71w%cy) RTw* s,
Re Z = cIm Z = —
e Z(w) 14+ 712w2e 427w, m Z(w) 14+ 712w2e 427w ¢,

1.3.2 Reduced impedance

Z(w) 1
Z* = = N :R
W == = 1w T RC
1+T7w%cq TWY So
Re Z*(w) = - Im Z* - _
e Z"(w) 1+72w2® 427w, m Z7(w) 1+ 72w2 427w,

dI VA —14a« 1 2, 2« o
mZ*(w) aTw (-1472w??) s 0= Wt =17 [3]

dw (1+7’2w2°‘—|—27'w°‘ca)2

* * Sa
Re Z (wc) = 1/2, Im Z (wc) = —m

2 2
o = — arccos [ —1 + 5
™ 1+4Im Z*(we)

Z4) = s u—wrl/e
1+ (iw)

(Fig. 1.6)

1.3.3 Pseudocapacitance

The value of the pseudocapacitance C (C//F cm~2) for the (R/C) circuit giving
the same characteristic frequency than that of the (R/Q) circuit (Fig. 1.7) is

obtained from:
1 1

_ _ = _ipi-
wC_(RQ)l/O‘_RO:}C_Q R



CHAPTER 1. CIRCUITS CONTAINING ONE CPE
2 /

0.5 _ %
N Uc=1 E 1 Ug=1
E AN -
|

0 0

0 1 0 1 2
Re Z"

Re Y~

Figure 1.6: Nyquist diagram of the reduced impedance (depressed semi-circle [12])
and admittance (Y* = RY) for the (R/Q) circuit, plotted for oo = 0.8.

Tt — Lot

1

We =

_ we= 1/(RC)
(RQ™

Figure 1.7: (R/Q) and (R/C) circuits with the same characteristic frequency at the
apex (or summit) of impedance arc.

1.4 Circuit (R/Q)+(R/Q)+ .. (Voigt)

NRQ

Z(w) = Z R

a7 5 Ti = R Q;
ST ()™ @

NRQ .
R; (14 7iw% cai)
Re Z =
e Z(w) ; 14+ 72w 4+ 27, w cqy)

= R w™ 544
Im Z(w) = — Z

5 ) )
p 14+ 12 w2 4+ 27w coy




1.5. CIRCUIT (R1+(R2/Q2)) 9

Q

\\
I

—

Figure 1.8: Circuit (R1+(R2/Qz2)).

1.5 Circuit (R;4+(R2/Qy))

1.5.1 Impedance

1
Z(w) =R+ T
(iw)*2 Qq + R_2
(i + Rp) (14 (iw)** 1) Ry Ry Q2
Z == = R - _—
(w) 1+ (i(.«))az 7_1 , T1 2Q27 T2 Rl +R2

1.5.2 Reduced impedance

Z(w) 14T (iu)*?

Z’k = =
(U) Ri+ R 1+ (1 U)O‘2

u:Tll/azw, T=m/m1=Ri/(Ri+Ry) <1
~ Tecqu™ +cqu? + Tu?*2 41
B 2cqu? +u2 41

(1-=T)u s,
2cqu® 4+ u2e2 + 1

Re Z*(u)

Im Z*(u) =

-ImZz
- ImZzZ*

0 Rl R1+ R2
ReZ ReZ*

Figure 1.9: Nyquist diagrams of the impedance and reduced impedance for the
(R1+(R2/Q2)) circuit.
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1.6 Circuit (R;/(R2+Q32))

Q

L& )

Figure 1.10: Circuit (R1/(R2+Q2)).

1.6.1 Impedance

R (147 (iw)*?)
Z(W) - 147 (iw)ag

, 71 = (R1 + R2) Q2, 72 = R2 Q2

_ (cos (7§2) (11 + 72) w2 + TiTew** +1)

a1 (7’1w“2 + 2 cos (%)) w2 + 1

Re Z(w)

w2 sin (%) Ry (11— 72)

a1 (lea2 + 2 cos (%)) w2 + 1

Im Z(w) = —

1.6.2 Reduced impedance

Z(u)  1+T(u)*
Ry 1+ (iu)*

Z*(u) =
11:7'11/(12 w, T=m/m1 =Ro/(R1+ Rs) <1

cf. Eq. (1.1) and Fig. 1.9.

1.7 Transformation formulae between(R+(R/Q))
and (R/(R+Q))

1.7.1 g1 = (99

Transformations formulae (R+(R/Q)) — (R/(R+Q))

R%, Q21R3,
Rio = Ry1 + Ra1, R = R—21 + R11,Q22 = m

Transformations formulae (R/(R4+Q))—(R+(R/Q))

Q22 (Ri2+ R)? R — Ri2Rao R
21 = 5 Bii=5—F—,Ra = 5—F—
R, Ris + Rao Ria + Rao




1.7. TRANSFORMATION FORMULAE BETWEEN(R+(R/Q)) AND (R/(R+Q))11

Qxn
) Ru

Ry — > Qx
Ro1 — R ))

Figure 1.11: The (R+(R/Q)) and (R/(R+Q)) circuits are non-distinguishable for
Q21 = (22 [1]

1.7.2 921 §£ 99

The (R+(R/Q)) and (R/(R+Q)) circuits (Fig. 1.11) are distinguishable for
Qo1 # Q22
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Chapter 2

Circuits made of two CPEs

2.1 Circuit (Q:+Qy)

Q1 Q
\\ \\
/1 /1

Figure 2.1: Circuit (Q:14Qz2).

2.1.1 ] = Qg =«

2= (3 &) s = 0= 2

G0~ oG Y~ air o
cf. § 1.1.

2.1.2 (65} 7é (0%))

Impedance
Re Z(w) = = (7%11) wo | cos (”T;:) w2
Im Z(w) = -2 (%1) W™ sin (%3 o
1Z0,] = Zq,] = w=w. = (%>—

13



CHAPTER 2. CIRCUITS MADE OF TWO CPES

14

e a1 < ay (Figs. 2.2 and 2.3)
w— 0= Z(w) ! w— 00 = Z(w) !
— ~ Y, — ~N
Q2 (fw)* Q1 (iw)™

o (1 > (xg

wHOéZ(w)zW,

I /
I /
h /
1 ,
200 f /
/

log(— Im Z/Q)

- ImZzZ/Q

0
200
ReZ/Q log(Re Z/%)

Figure 2.2: Nyquist and log Nyquist [4] diagrams of the impedance for the (Q1+Q2)
circuit, plotted for @1 = 1072 Fem 27! Q=102 Fem 2 s%271, a1 = 0.6, 0 =

0.9 (a1 < az). Dots: we = (Qa2/Q1)Y (@17e2),

—ay /2

S
! N
g BN :
a2 |
’ -90 .
-5 (Q/Qp) Y@= 5 -5 (QQpY@ma 5
log w/(rd s™)

log w/(rd s1)
Figure 2.3: Bode diagrams of the impedance for the (Qi1+Qz2) circuit. Same values

of parameters as in Fig. 2.2. a1 < aa.

2.1.3 Reduced impedance
1 n 1 _w
(w7 e

Z*(U’) = Ql w?l Z(w) = (iu)o‘l



2.1.

- Imz*

Re z*

log (- Im Z*)

15

log (Re Z*)

Figure 2.4: Nyquist and log Nyquist [4] diagrams of the reduced impedance for the
(Q14Qz2) circuit, plotted for a; = 0.6, 2 = 0.9 (a1 < a2). Dots: uc = 1.

log |Z*]

¢z /°

-45

-90

Figure 2.5: Bode diagrams of the impedance for the (Q1+Qz2) circuit. Same values

of parameters as in Fig. 2.4. a1 < ao.
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2.2 Circuit (Q1/Q>)

\\
Il

Figure 2.6: Circuit (Q1/Qz2).

221 oai=ay =«
1 1
2 = G Gor - 0lw)

R Q:Q1+Q2

cf. § 1.1.

2.2.2 aq §£ (0%)]

Impedance
1
Z(w) = - :
( ) Ql (1w)a1 + Q2 (1w)a2
Re Z(w) = cos (#5+) Quw™  cos (752) Qaw*
Q3w + Q3w + 2cos (37 (1 — a2)) Q1 Qw1 He
I Z(w) = sin (754) Q1™ + sin (552) Qe

B Qw2 + Q3w?*2 + 2 cos (%w (o — ag)) Q1 Qw1 o2

o a1 < ag (Figs. 2.7 and 2.8)

1 1
w= 0= 2w~ Q1 (iw)” w0 W)~ Q2 (iw)*
o (1 > (xg
w—>0:>Z(w)~¥ w—>oo:>Z(w)~¥
T Qs (iw)ee” Q1 (iw)
2.2.3 Reduced impedance
1 w

Z*(u) = Qlwgl Z(u)) = m, u = w—c
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2.2. CIRCUIT (Q1/Q2)

log(— Im Z/Q))

-Imz/Q

0
50
log(Re Z/Q))

ReZ/Q

Figure 2.7: Nyquist and log Nyquist [4] diagrams of the impedance for the (Q1/Qz2)
circuit plotted for Q1 = 1072 F cm™2 sal*l7 Q2 = 1072 F cm~2 5‘3‘2717 a1 = 0.6,z =

= (Q2/Qu)M (17,

0.9 (a1 < a2). Dots: we

$z/°

log 1Z/Q)]

-90
-5 (Q/QpMer2
log w/(rds™)

i

-5 (Qa/Q)M(e1~2) S
log w/(rd st

Figure 2.8: Bode diagrams of the impedance for the (Q1/Q2) circuit. Same values of

parameters as in Fig. 2.7. a1 < aa.

log (- Im Z¥)

-Imz*

0
1
log (Re Z*)

Re z*
Figure 2.9: Nyquist and log Nyquist [4] diagrams of the reduced impedance for the

(Q1/Qz2) circuit, plotted for aq = 0.6, a2 = 0.9 (a1 < a2). Dots: uc = 1.
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log |Z*]

|
w

o

Q@ of--------

bz /°

-90

Figure 2.10: Bode diagrams of the impedance for the (Q1/Qz2) circuit. Same values

of parameters as in Fig. 2.9. a1 < aw.



Chapter 3

Circuits made of one R and
two CPEs

3.1 Circuit (R1/Q;) + Q,)

Q

) Q

Figure 3.1: Circuit ((R1/Q1)+Q2).

3.1.1 aog=ay=«

Impedance
1 1
Z(w) = + —
At Quliw)r 920)
Z(w) = (iw)alQ—Z ((ij_)o(tlz)a )’ TI=R1Q1, o= (Q1+Q2) Ry, 1 <72

cos (%) (7'17'21020‘ + 1) W™ + cos(ma)Ty + T2
Q2 (7'1 (le“ + 2 cos (%)) w® + 1)

sin (%) (Tﬁgw%‘ + 1) W™ + sin(ra)m
Q2 (7'1 (lea + 2 cos (%)) w® + 1)

Im Z(w) = —

19



20 CHAPTER 3. CIRCUITS MADE OF ONE R AND TWO CPES

Reduced impedance

. Z(u) 1 1+ T (iu)®
2 = R S T I Ger (1 au)Y) (3-1)

uw=wr/®, T=m/mn=1+Q2/Q1>1

oy u (T + cos(am))u® + (Tu* + 1) cos (%))
Re Z"(u) = (T —1) (2cos (4F) u™ 4 u?> +1)

1 ule am
Im Z*(u) = u™® - si (—)
m Z%(u) = u (1—T 2005(0‘—277)u0‘+u20‘+1> m 2

-ImZ*

Rez”

Figure 3.2: Nyquist diagram of the reduced impedance for the ((R1/Q1)+Qz2) circuit
(Fig. 3.1, Eq. (3.1)), plotted for T' = 4, 9,90 and o = 0.85. The line thickness increases
with increasing T'. Dots: reduced characteristic angular frequency uc1 = 1; circles:
reduced characteristic angular frequency ucz = 1/T% (¢u,y = Gu,)-

3.1.2 (0%} 7&0(2

Impedance
1 1
Z(w) = + 5
L + Qi (iw)™ Q2 (iw)>2
Ry
Re Z(w) = cos (T92) w2 N Ry (cos (T2) Q1 Riw™ + 1)
caw= Q2 Q1R (Qlleo‘l + 2 cos (%)) w4+ 1
Im Z(w) = sin (75) Q1 Rjw™ sin (752 ) w2

_Q1R1 (Qlleo‘l + 2 cos (%)) wor 1 Q2
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Figure 3.3: Circuit (R1+Q2)/Q1).

3.2 Circuit (R;1 +Q)/Q,)

3.2.1 o] =09 =

Impedance
1 1+ Qs Ry (i w)
7 ! B 1w)®
(iw)* Q1+ —1 (w)*(Q1+Q2) (1 + (2262&>
Rl + 1+ Q2
(iw)* Q2

_ 1+T2(iw)o¢ 7_ _QleRl o

Z(w) = (w)* (@14 Q) 1+ (iw)n)’ 1= 0140y’ 2 = Q2 Ry

W™ (cos(ma)w® 4 Tow®™ + cos () (Tw?® 4 1))
(2cos (5) w +w? +1) (Q1+Q2) 7y
w™%sin (%) (2 cos (%) W + Tow?® + 1)

(2 cos (%) WO + w2 1) Q1+ Qo)1

Re Z(w) =

Im Z(w) = —

Reduced impedance
Z(u) T—-1 14T u)”

R T% (we(l+(uw)) (3.2)

Z*(u) =

uw=wr/®, T=m/m1=14+Q2/Q1>1

(T —Du« ((T + cos(am))u® + (TuQO‘ + 1) coS (%))
T2 (2 coS (0‘—27’) u® + u2e + 1)

Re Z*(u) =

(T —1)u= (2cos (%) u® + Tu®* + 1) sin (%)
T2 (2 cos (%) u® 4 y2e 4 1)

Im Z*(u) = —
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-ImzZ*

Re Z*

Figure 3.4: Nyquist diagram of the reduced impedance for the ((R1+Q1)/Qz2) circuit
(Fig. 3.3, Eq. (3.2)), plotted for T'=4,9,90 and o = 0.85. The line thickness increases
with increasing T'. Dots: reduced characteristic angular frequency uc1 = 1; circles:
reduced characteristic angular frequency ucz = 1/T% (¢uyy = Gug,)-

147 (1w)*
(iw)al Ql =+ (iw)az Qz + 7 (iw)a1+a2 Ql

Z(w) = , T=R1Q2
Re Z(w) =
(W™ car (1+ T2 w22 4 27w Caz) Q1+ w™ (Tw + ca2) Q2) /

(w20‘1 (1 + 72 w2 4 27 wo caz) Q12 + 2w (70w ey + Catmaz) Q1 Q2 + w22 Q22)

- (7‘(’ (041 — Oéz))
Calma2 = COS f
Im Z(w) =
(—w™ (1+ 72w + 27w ca2) Q1 Sa1 — W™ Q2 5a2) /
(W (1472w + 27w a2) Q1 +2w™ ™2 (Tw™ ca1 + Catmaz) Q1 Q2 + w?*? Q27)



Chapter 4

Circuits made of two Rs
and two CPEs

4.1 Circuit ((R1/Q1)+(R2/Q2))

Q Q
\\ \\
Il If
Ry

Figure 4.1: Circuit ((R1/Q1)+(R2/Q2))

1 1
Z(w) = T+ :
(iw)™ Q1+ o (iw)™ Q2 + 7
Rl Rg
) = T ey TH e T @ 2=
Ri+ Ry + (iw)al Rom + (iw)az Ry
Z(w) = At (iw)
I+ ({w)™ ) A+ (w)™ )

Re Z(w) _ R’ (1 + w* cat 71) R (1 + w2 ¢y 7'2)

l+war (2ca +w* ) 14+w2m (2¢a2 +w* 1)
Im Z(w) = w* By Sa1 Ty w? Ry Sa2 T2

_1+w“1 1 (QCal —+ w 7'1) N 1+wr2m (2ca2+w“2 Tg)

23



24 CHAPTER 4. CIRCUITS MADE OF TWO RS AND TWO CPES

4.2 Circuit (R1+(R2/Q2))/Q1)

Q1

\\

11
Q,
\\
11

A

Figure 4.2: Circuit ((R1+(R2/Q2))/Qu).

Z(w) =

(i w)o” Ql =+

1
Ryt ==~
()™ Q2+ 5

Z(w) _ Rl +R2 + (iW)az Qg Rl R2
1+ ({w)* Q1 (Ri + R2) + (iw)* Qo Ry + (iw)™ ™2 Q1 Q2 Ry Ry

Re Z(u}) = (Rl + Rs + w22 Q22 Rq (1 4+ w* Cy1 Q1 Rl) R22+
W Oy Q1 (Ry + Ro)? +w% Can Q2 Ro (Re + 2 Ry (1 4+ w™ Cay Q1 (Ry + RQ)))) /
(1+w?*2Qy” (1+w™ Q1R (2Ca1 +w™ Q1 Ry)) Ro*+
w Q1 (R + Rp) (2001 +w™ Q1 (R1 + R2)) +2w™ Q2 Ry
X (Ca2 +w* Q1 (Catmaz R2 + Caz R1 (2Ca1 +w* Q1 (R1 + R2)))))

(ﬂ' (a1 — a2)>
Calma2 = COS -5

IIn Z(w) = (wal Ql (—w2 @2 Q22 R12 R22 — 2w°‘2 a2 QQ Rl R2 (R1 + RQ) —
(R + R2)2) Sa1 — w* Q2 Ro? Sa2) /

(1 + w2 Q22 (1 + w Ql Rq (2 Co1 + w™ Ql Rl)) R22+
wr Q1 (R + Rp) (2001 +w™ Q1 (R1 + R2)) +2w™ Q2 Ry
X (Caz + w* Q1 (Catmaz R2 + Ca2 R1 (2Ca1 +w™ Q1 (R1 + Ry)))))
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4.3 Circuit ((Q1+(R2/Q2))/R1)

Q
Q »
\\
11

Figure 4.3: Circuit ((Q1+(R2/Q2))/R1)

Z(w) =

1 1
moTT N I
R
Ry (1 + (iw)al Q1 Ro + (iw)a2 Q2 Rg)

L+ (iw)™ Q1 (R + Ra) + (iw)* Q2 Ry + (iw)™ 72 Q1 Q2 Ry Ry

Z(w) =

Re Z(w) = (R1 (1 +w™ Q2R (2Ca2 +w* Q2 Ro) +w? ™ Q1° Ry
X (R + Ry (1 +w™ Cag Q2 R2)) +w* Q1 (2 R2 (Car + w* Catmaz Q2 Ra) +
Co1t R1 (14 w* Q2R (2Ca2 +w*? Q2 R2)))))/
(14+w?*Qs® (1+w™ Q1 Ry (2Ca1 +w™ Q1 Ry)) Ra>+
w Q1 (R + Rz) (2Cq1 +w™ Q1 (R1 + R2))+
2w Q2 Ry (Caz +w™ Q1 (Catmaz R2 + Caz R1 (2Ca1 +w™ Q1 (R1 + Ry)))))

Im Z(w) = —w*™ Q1 R2® (Sa1 +w* Q2 Ry ((2Ca2 +w™ Q2 R2) Sa1 +w™ Q1 Rz Saz)) /
(1402 Q" 1+w™ Q1R (2Ca1 +w™ Q1 Ry)) Ro*+
w* Q1 (R1+ R2) 2Ca1 +w™ Q1 (R1 + Ro)) +
2w* Q2 Ry (Caz2 + w™ Q1 (Cotmaz R2 + Coz Ry (2Ca1 +w™ Q1 (R1 + R2)))))
Z(w) = Ry (14+7 ((w)™ 4+ ({w)™) §
1+ (1+Ri/R2) 11 (iw)™ + 72 (iw)™ 4+ 11 72 (R1/Ra) (iw)™ ™
T1=Q1R2, 2 =Q2 Rz

4.4 Circuit (((Q2+R2)/R1)/Q1)

1

Z(w) =

1
. a1
(1&)) Q1+ R_l + i
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Q

\\
I

Q
—Lr )

Figure 4.4: Circuit (((Q2+R2)/R1)/Q1)

Ry (14 (iw)™ @2 Ry)

7 =
) 1+ (iw)™ Q1 R1 + (iw)™ Q2 Ry + (iw)™ Q2 Ry + (iw)™ ™2 Q1 Q2 Ry Ry

Re Z(w) = (R1 (14+w™ Q2 (w** Q2 Rz (R1 4+ R2) + Caz (R1+2R)) +
W Co1 Q1 Ry (1+w* Q2 Ry (2002 +w™ Q2 R2)))) /
(14+w*?Qy (R + R2) (2Ca2 +w™ Q2 (R1 + Rs)) +
WrQIPR12 (14w QoRy (20 +w™ QaRy)) +2w™ Q1 Ry
X (Co1 +w*? Q2 (Catmaz R1 4+ 2Ca1 Co2 Ra + w*? Co1 Q2 Re (R1 + R2))))

Im Z(w) = (R1? (— (@™ Q1 (1 +w™ Q2 Ry (2Ca2 +w™ Q2 R2)) Sa1) — w™ Q2 Sa2)) /
(14+w*? Qs (R + Ra) (2Ca2 +w* Q2 (R1 + Rs)) +
WU QIPR12 (14w QaRy (20 +w™ Q2 Ry)) +2w™ Q1 Ry
X (Co1 +w*? Q2 (Catmaz R1 +2Ch1 Caz Ry +w*? Co1 Q2 R2 (R + R2))))

Rl (1 + (iw)oQ 7'2)
14+ (w)* 1+ (1+ Ri/R2) (w)*? 1+ (iw) T2y
T1=0Q1R1, 2 =0Q2 R

Z(w) =



Appendix A

Symbols for CPE

- |\ " (3) //
N =/ \\

Figure A.1: Some CPE symbols, taken from A: [7], B: [10], C: [13], D: [2], E: [5],
F: [8], G: [9], H: [11], I: [6].

27
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